Vi, V4 corresponding to load factor n

Veo mex = speed such that if V, exceeds it, the attempt to land
is discontinued

Veo min = speed such that if V, is below it, the attempt to land
is discontinued

Vryup = minimum demonstrated threshold speed

a = V2/V?

h = height above runway

hy, ki = h; = hatbeginning of flare; h; = h at threshold

n = load factor L/W (L = lift, W = weight)

ng, e = na=mnat Vg ny=natV;

(neh = pq, giving minimum distance

Presented as Preprint 64-345 at the 1st AIAA Annual Meet-
ing, Washington, D. C., June 29-July 2, 1964; revision received
April 5, 1965. The author wishes to thank the Defence Research
Board of Canada and the De Havilland Aircraft of Canada, Ltd.
for permission to publish this paper. The views expressed are
the author’s own.

* Research Engineer. Associate Fellow Member ATAA,

+ Other symbols (C'r, CL max, D, L, V, Vs, W, and ¢) have their
conventional meanings.

1 The threshold is the approach end of the runway. However,
if the approach obstruction clearance rules make the end of the
runway unusable, then the intersection of the approach clearance
plane with the runway is deemed to be the threshold. In this
sense, the definition is similar to that of the statistical sources,
Refs. 1-8.
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Variations of Landing Distance of Fixed-Wing Aircraft in
- .
STOL Operations
Paur A. Puvrez*
De Havilland Aireraft of Canada, Lid., Downsview, Ontario, Canada
Statistical information on the variability of approach gradient, threshold height, threshold
speed, touchdown speed, coefficient of braking friction, time of initiation of the controls, and
aerodynamic drag is used as a basis for establishing the variability of parameters that may
be expected in STOL operations. Departures from this statistical information were made to
reflect the ability of the aireraft to fly slowly and to touchdown early. Because of the non-
normality of the distributions of certain parameters and the nonlinearity of the functions
that link the distance S to others, the combination of the distributions is complex. Simplifi-
cations are discussed and adopted. The distance SP corresponding to a probability P can be
found, with good approximation, when distances traversed with and without reverse thrust
are known. An increase of the aerodynamiec drag reduces the variability of the distance.
The reverse thrust increases such variability. Thus, an assessment of the merits of a new
device not based on consideration of S, may be misleading. It is regarded as important that
further studies of the type presented here be undertaken and that more statistics on the vari-
ability of the parameters be collected.
Nomenclaturet v = D/W
v = particular value of v
D4, D¢ = Da = D (drag) airborne; D¢ = D groundborne 9, = slope of runway
E = error in recognizing V, 0, = slope of path at threshold
El; Ez = E1 = E at Vco ming; Ez = E at Vco max l = l// V[Q/Vsz
F = field length factor LYRY: = N¢g = Mat Vg; Ny = Nat V,
M, = second moment of a distribution m = coeflicient of braking friction
M = speed margin Ho = u for reference wet runway
M, M, = M, = M between Vyyp and Veo min; M., = M be- v = QT/VV
tween V4,and Vo max v = particular value of »
P = probability o = average D¢/Dy
R = radius of curvature 4 = standard deviation
S = landing distance, or a particular landing distance o = o of variablez (z = V,or u/w, ete. or S)
where subscripts are omitted Oz residual = residual ¢ of variable z correlated to another (z =
8., S; = 8. = airborne part of S; S, = groundborne part of S Vaorh, ete.)
Sp, Sz = Sp = 8 corresponding to P; Sz, a reference landing T = time at which a control movement is initiated
distance (see Sec. 1) 71, 7o, 73 = 71 = 7 for reverse thrust; 7y = 7 for wheel brakes;
T = reverse thrust produced by one power unit 73 = 7 for spoilers
Va = according to context, either speed at which path is ¢ = coefficient defined in Sec. VI
tangent to horizontal, touchdown speed, or a ¥ = CL/Cl nax
speed which is both Yo, ¥ = Ya=vat Vy; ¢, =vatV,
V, V., = Vy= V at beginning of flare; V, = threshold] speed (2 )op = indicates that parameter x(z = n4 or i, or ¢, etc.)
Vg, Va = averageof Voor V,, respectively corresponds to optimum n,

Introduction

HE aim of this paper is to investigate, in respect to land-

ings in STOL operations with fixed-wing aircraft, the
relationship between a landing distance and the probability
of that distance being exceeded. Relationships of this kind
can be used for several purposes. One is to investigate the
effect of a device, accounting not only for its direct effect
on the landing distance, but also for its effect in modifying
the variability of the distance. Another is to enable the
manufacturer to advise on the landing distance that should
be available to operate the aircraft safely.

Relationships between landing distance and the probability
of that distance being exceeded in operation have, up to
now, been established mainly for the purpose of proposing or
adopting safety requirements. The major part of the work
has been done in the United Kingdom, which was the first
to propose that International Civil Aviation Organization
(ICAO) standardize landing distance requirements on the
basis of probability calculations. The proposals submitted
were aimed at replacing the present rules for landing distances
(1.3 Vs, 50 ft, dry runway, little or no credit for reverse thrust,
field length factor 1.67) by rules providing for the measure-
ment of a distance more representative of the average landing
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Table 1 Properties of paths

Shape of path a satisfies naq hy2g/V? A \a
Constant ', n{l —a)+lga = 2 N (v%/n, — )x* ne Ny

Constant n lg(1/a) = v2/n, — 1 ny v/ne — 1 e ni/a .
Circle (1 —a)=~*n, —1 (ny — 1)a + 1 v/, — 1 I ne— 14+ 1/a

¢ No simple relation. An approximation valueis x = 1 4 0.178 [(1 — a)2/v?] — 0.076 [(1 — a)*/7v!].

technique used in operation and for the application to that
distance of a field length factor catering for the variations.
The statistics on the distribution of the parameters that
affect the landing distance were then taken, generally in
respect of civil transport aireraft cngaged in scheduled
services, by most of the countries that participate in the
work of the ICAO Airworthiness Committee. No other
statistics are available. No attempt seems to have been
made as yet to establish “distance-probability”” relationships
for those classes of aircraft or operations for which there are
important differences of technique as compared with the
average found in the statistical analysis.

I. Method

For a given set of aircraft characteristics and operational
parameters (altitude, average wind, temperature, etc.), the
landing distance achieved in operation varies. The dis-
tribution of the landing distance can be established by syn-
thesis, using the distributions of the variable parameters.
An inerement dz of variable z produces an increment of dis-
tance (0S/0z)dx, and this permits one to obtain the dis-
tribution of the distance S where the parameter z is the
source of variation. The distribution of the distance as
dependent upon all of the parameters, which are sources of
this variation, is then obtained by combining individual dis-
tributions by the classical methods described in standard
probability texts, such as Ref. 9.

The accuracy of the resultant distribution so obtained de-
pends upon the reliability of the individual distributions of
parameters and on the accuracy of the partial derivatives
08/dx. The reliability of the individual distributions, in
turn, depends upon the amount of statistical data collected
and upon the manner in which they have been analyzed and
interpreted. Although considerable efforts have been made
in this respect,’™® it is highly desirable that more data be
collected, particularly in respect of the parameters found, in
studies like the present one, to have the dominant con-
tribution. It is also highly desirable that more analysis of
the existing data be made and published.

As to the determination of the partial derivatives, in prin-
ciple they should be derived from tests. Since practically
this would be too expensive, a reasonable degree of accuracy
can be reached in establishing, by calculations, a set of values
of the distance, here called the ‘‘reference distances” and de-
noted Sy, as well as the derivatives. If, in the calculations,
the adopted approximations affect the values of the deriva-
tives and the reference distances proportionally, Sp may be
taken as proportional to the measured value of Sg.

II. Aircraft Envisaged

There is, at present, no standard definition of the STOL
operation. Certain authors® would make the ‘“‘use of the-

propeller slipstream or other forms of propulsion to augment
the wing lift” a prerequisite. Others!! would require that
the takeoff and landing be made at speeds below the power-
off stalling speed. It is, however, not certain that, if the
comparison of the distances achieved by various aircraft
were made on the basis of a common level of safety, the ad-
vantage of any design feature would be as great as where the
comparisons are made on the basis of the minimum distance
achievable. Until this question is resolved, the STOL ap-
pellation should not be denied to any aircraft merely because
of the absence of any particular feature.

A first step in the resolution of the problem is to establish
the distribution of the landing distance in STOL operations,
conceived as operations that differ from the average opera-
tions (observed where the statistical information was ob-
tained), in the following respects. The operation is under-
taken at a remote place where the building of a long runway
is impractical and where the removal of obstructions should
be restricted to the bare minimum. The aircraft used is
able to fly slowly, has a high drag in the airborne portion
of the landing, and is equipped with strong retardation
means; its design features and handling characteristics are
such that a relatively high precision can be achieved. The
pilot will achieve the relatively high precision that is con-
sistent with the qualities of the aircraft, where the runway
is critical. A sccond step, not made in this study, consists
in introducing new aircraft characteristics and new sources
of variation, in order to deal, inter alia, with the case of lift
augmentation or any other design features.

III. Derivatives

Airborne Path

Three forms of path are envisaged, all of them tangent to
the runway: 1) a circular path defined by B = V%/g(n — 1)
= V.2/g(n, — 1), 2) a path defined by n = n, or “constant
n”’ path, and 3) a path defined by n = (n,/V.HV?or “con-
stant C';” path. Since the power does not vary appreciably
during the airborne path, v is considered as constant, giving
the properties in Table 1.

Optimum Values

In making d\%,/dn, = 0 (circular and constant n) or dn./da
= 0 (constant C'z path), an optimum value of =, is found as
the value, which provides the largest margin between Cz and
C'L wax. The optimum values are indicated in Table 2.
The values in Table 2 are referred to as (n.)op, (@)op, Na)ops
ete. The differences between the three paths are large only
where v is large and n, small. The curvature of the con-
stant n path inereases from V, to V.. The curvature of the
constant 1 path decreases from V, to Vg4, and where n. =
(n4)op, the radius of curvature is infinite at V.

Table 2 Optimum values

Shape of path ny satisfies a ia nd
Constant Cp, v:+lgn, =n, — 1 1/n, ny 1

Constant n =14 7+ /2 exp(—2v/2 + v) (1 + v -+ +2/2)exp(2v/2 + v) 14y + /2
Circle ng=14+ v+ 42 1/1 + ~ 1+ )2 1+
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Minimum Threshold Speed

For a constant Cp path, it can be shown that, at (ng.,
Ve = V2(a)op/Va, so that V.2 = V.2(Ag)e represents a
theoretical minimum threshold speed. At a lower V., it is
not possible to have a path tangent to the runway.

Minimum Distance for a Value of ¢

It can be shown that the optimum value of . is not the
value giving the minimum distance for a value of . A dis-
tance that is shorter can be obtained at a threshold speed
slightly greater than that corresponding to the optimum,
using (7)1 > () op.

Selection of Average Path

No one of the three paths envisaged represents closely the
paths used in operation. The pitching inertia will prevent
the instantaneous establishment of n,. Moreover, following
one of these three paths would require instantaneous informa-
tion and instantaneous response. Any typical path should
however represent an average of all of the paths that start
at approximately the same glide angle with approximately
the same V, and finish at approximately the same V., Itis
believed that the substitution will affect proportionally S
and 0S/0z;.

Where the problem is to determine an ultimate property,
like the theoretical minimum threshold speed, the constant
(. path should be used. For conditions other than the ex-
tremes, the constant Cr path taken at (n:., has the disad-
vantage of having at V. an infinite radius; in the last part
of the flare, the aircraft is already near the ground, and if
the lift can be reduced (by spoilers, for instance), it can
touch down and shorten the distance. Such a path does not
represent, the average conditions near touchdown in STOL
operations.

For a normal STOL operation, the proportion of the lift
available, used for flaring, is increasing from V, to Vg since
the consequences of a stall are less serious near the touch-
down point. Both the constant n and the circular paths
satisfy this condition. It must be assumed that the applica-
tion of a load factor n, < (n.)., that gives ¢4 > (Ya)op and
S > (8)ep will be avoided as much as possible. The tendency
will be to use (n.)., rather than (n,);, so that whatever V,1s,
the pilot handles the aircraft in the manner, which provides
for the largest margin between €' used for flaring and Cyz, max.
The constant n and the circular path are not very different,
so that the circular path can be considered as an acceptable
approximation of the constant n path that does not affect
[(0S/0x,;)/S] appreciably. Therefore, it is assumed that
the circular path, taken with n, = (n,),, of Table 2, is rep-~
resentative of the average path.

Expressions of Derivatives

The statistical information (Sec. IV) indicates that h, and
Va are partially correlated to V.. For STOL aircraft, v is
partially correlated to ¥V, also. For a circular are, (ns)op,

dVd=~—1.v<1_~Kt_____.ﬁ,Y,,> 1
v, ~ G+ pe\ T2y v M
This gives
as v, 1 dh, by V.2 dy
. " g0+ T yav. <7 29(1 + v>2>d7¢+
o8 dVa  dS¢ dv o
oVq dV, oy dV,
For the residual variations of h,, V,, and v,
28 1 o8 V. 08,
Oh: v Ve~ gy T oV
oS b vr 0% @
v ¥ 21+ ) Oy
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For the parameters that do not affect the airborne distance,

08/0(u/ o) = 08,/ (u/ ko) o8/0r = o8,/0r (4)

IV. Summary of Statistical Information
Available

The statistical information available!® is relative to opera-
tions of civil aireraft, generally in scheduled services, and
to landings at large airports where the threshold is the end of
the runway or the intersection of the runway with the ap-
proach clearance plane. It can be summarized as in Table
3. In this table the subscript 4 represents the average.
Values are conservative for critical runways.

Threshold Speed

The average is 1.3 Vg for aircraft having Vs, <70 knots,
V5o being relative to the landing configuration at maximum
landing weight. The threshold speed of faster aircraft
depends upon the stalling speed in the approach configuration
Vsi. The standard deviation, 5 knots, is independent of
the aircraft characteristics because of the great sensitivity of
slow aircraft to turbulence; however certain data® show a
slight reduction of oy, with V4. The cutoffs, indicated as
being at V4, == 15 knots, reflect the fact that landings at
Vi> Va + 15 knots or V., < V.u, — 15 knots are less fre-
quent than the normal law would indicate. Pilots tend to
discontinue the attempt to land if the speed is too high or
too low and if they cannot correct it. The value 15 knots
or 3ov, would confirm the rate of balked landings. oy, does
not seem to be affected by head winds, eross winds, or visi-
bility conditions, except for the very drastic ones.

Threshold Height

The distribution is such that large heights are less fre-
quent, and heights slightly under the average are more fre-
quent than the normal law would indicate. The height and
its variations seem to depend more upon local conditions
than upon the type of aireraft.

Touchdown Speed

The relation between V4 and V, and the regression dV./
dV, seem to be influenced strongly by the aircraft char-
acteristies, but turbulence, wind, and runway ecriticality do
not seem to affect ¥, more than is indicated by its correlation

to Vz.
Braking Friction

In the present study, the landing is assumed to take place
on a wet runway, because this corresponds to conditions
frequently encountered. In a study of the effect of a device,
it may also be useful to assume a runway covered by slush
and/or snow. The methods to be used would be the same as
those described in this study. The relation (coefficient of
braking friction vs speed) defined as the reference wet run-
way by the ICAO Standing Committee on Performance
(SCP) (1953) has received good confirmation since, namely,
in NASA research.? The standard deviation of 13% was
also established by the SCP. It represents 119, variation
in brake pressure, torque-limiting devices, and brake control
mechanisms, and 69, variation between runway surfaces.

Aerodynamic Drag

The statistics indicate the variation of the basic drag or
variation from aircraft to aircraft of the same series. Of
course, for a given aireraft, the drag will be correlated to the
threshold speed.

V. Selection of Distributions for STOL Landing

The differences between the operations observed where the
statistical information was obtained and the STOL opera-
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Table 3 Summary of statistical information?

Parameter Symbol Average Distribution o or e,
Gradient of approach 9, 0, 4 = 47, Normal 0.3 6;,4
Threshold speed V. Va, = Vs + 24 knots, Normal, with cut- ov, = 5knots
or Va, = 1.3 Vy offs at = 15

knots _

Threshold height he ha, = 20 ft Not normal, corre- Residual M2 = 11 ft, (dh,/dV,) = 0.27
lated to V,

Touchdown speed Va Va, = Va, — 15 knots Normal, correlated  Residual ov, = 3.5 knots, (dVa/dV,) = 0.6
to Vg

Braking friction o wo reference, wet surface®  u/uo Normal o(u/p-) = 0.13

Initiation, reverse thrust 71 3 sec after touchdown Normal o = 1.5 sec

Initiation, other controls 7> Normal ors = or3 = 1 sec

T3
Basic aerodynamic drag Dy Normal ap = 0.022 Dy

% From 0 to 87 knots 1/mm = 1.28 4+ 1.80 V1%, where V is in hundred feet per second.

tions as dealt with in this study are summarized in See. II.
The trends of variations of the parameters, as recorded in Sec.
1V, do not seem to be affected by those differences. How-
ever, some of the numerical values of the characteristics of
the distributions, also indicated in Sec. IV, may depend
upon the aireraft characteristics or the average landing
technique. Where it appears evident that those numerical
values are not applicable to STOL operations, other numeri-
cal values will be established; otherwise the numerical
values in See. IV will be adopted. The selected values are
grouped in Table 4.

Gradient of Approach

The total energy, kinetic plus potential, of the aircraft is
equal to the work of the drag so that to obtain a short landing
distance it is essential that all of the drag available at every
moment should be used. Therefore, the path in the last
portion of the approach should be as steep as possible. A
second reason for a steep approach is the presence of obstruc-
tions. It is assumed that the slope at the approach is 6, =
v. The variability of the landing distance caused by the
variability of the gradient of approach near the slope en-
visaged is small, and this effect will be ignored.

Threshold Height

Because of the presence of obstructions, threshold heights
of the order of 20 ft are insufficient. It is assumed that the
threshold height is 50 ft where the threshold speed is equal
to the average Vi, The dependence of the height upon
the speed is established by the statistics. It may be a result
of the fact that estimation of the position of the threshold
relative to the aircraft is more difficult when the speed is
high. In the absence of better information, the regression

0h.,/OV, = 0.27 will be adopted. As to the residual vari-
ation of the height, it can be argued that the error in esti-
mating a distance is proportional to the distance itself, so
that the square root of the second moment of the residual dis-
tribution of A, should be 11 ft multiplied by 50/20. How-
ever, the distance estimated is not necessarily the height
above the runway; the obstructions may help in evaluating
the height. Again in the absence of better information, the
residual variation characterized by M, = 11 ft will be
adopted. For the combination of the distributions, the
distribution will be replaced by a normal distribution,
on, = 11 ft.

Threshold Speed

The variations of the threshold speed are caused by 1)
the difficulty of estimating the height (which may be con-
verted to speed), estimating the speed itself, instrument
errors, and errors in reading the instrument; and 2) the need
to increase the threshold speed in turbulent air. Cause 2 is
the more important of the two. This is borne out by the
statistics. In calm air, all or almost all of the lift available
can be used to achieve the flare. A greater margin between
the € used for flaring and Cy max is needed in turbulent
atmosphere, and this greater margin is obtained by an in-
creasein V..

The statistics show the existence of a cutoff speed Vo max
= Va4, + 15 knots. Since V4, is defined as the average of a
symmetrical distribution, there must be a second cutoff
speed at Vo min = V4, — 15 knots. For a STOL aireraft
having Vs = 59 knots, taking Vi, = 1.3 Vs, Veomin =
61.8 knots or 1.048 V5. This speed would permit a flare
using Cr = Cyz max all of the time during the flare, only if
v < 0.08. STOL aircraft have a ratio v greater than that.

Table 4 Assumptions concerning variability of parameters

Parameter Symbol Average Distribution o and regression
Gradient of approach 0, 0, = v Normal Neglected
Threshold height h: ha: = 50 ft Normal, correlated to V, oh, = 11ft

dh/dV, = 0.27
Threshold speed V. Vi = Veup + M + 8 knots Normal, cutoffs at Va, &+ 8 ay, = 4 knots
knots
Touchdown speed Va “a’” in Table 2 Normal, correlated to V, gResidualz Table 5
Var = Vala) dVa/dV,, Eq. (1)
Braking friction u u, = reference wet surface 1/ mo, normal ou/ug = 139,
Aerodynamic drag ¥ Aircraft characteristics Normal, correlated to V' Residual: 229,
dy = 1.2 (l)
dV: ’ Vt
Recognition of threshold E; E, = 0at Vo min Normal B = 2 knots
speed E, E; = 0at Vo max Normal o5 = 3 knots
Initiation of reverse thrust, 71 1.5secafter t.d.)
brakes, spoilers T2 Osecaftert.d.} Normal, correlated together or = 1 sec

3 0 sec after t.d.
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This shows that the information in the statistics concerning
the threshold speed and its variations is not directly applic-
able.

As already indicated, there is a theoretical minimum
threshold speed compatible with the zero vertical speed at
impact. Practically, a smaller speed may be possible, de-
pending upon the landing gear characteristics, or a larger
speed may be needed, depending upon the handling char-
acteristics at low speed. Therefore, it is logical to measure a
speed Vrup, defined as the minimum speed obtained at 50
ft above the landing surface, at and above which it is demon-
strated that the airplane can be made constantly to complete
an approach, touchdown and landing, without displaying
any hazardous characteristics. This speed will serve as the
starting point to determine other threshold speeds.

It must be expected that pilots will not approach at speeds
as low as Vrup in operation. The minimum threshold speed
will be Veup + M), where the margin M, should provide for
error in estimating the speed or in taking the decision to
abandon the attempt to land. In order to keep V. as low
as possible, the pilot should know the speed at which the
attempt to land should be discontinued. The minimum cut-
off speed, equal 10 Vo min = Vrwp + My, is thus a piece of
information given to the pilot, together with an explanation
of its significance. M, should be large enough to insure that
the probability of a landing started at V, < Vzup is below a
selected value P,. The margin M, need not account for
turbulence, because a landing near Vrzxp would not be at-
tempted in turbulent atmosphere. Thus M, = M (P, E))
where E, is the error in recognizing the threshold speed near
Vrup, introduced as a new parameter affecting the landing
distance.

Defining M, as the margin between Veo min and Va,, and
assuming, as in the statistics, that Vi, is the average of a
symmetrical distribution of V.,

VA: = VCO min + M2 VCO max VAz + ILIZ

This would mean that the attempt to land would be dis-
continued if ¥, cannot be reduced to a value equal to or lower
than Vo max. Ideally M, should be large enough to insure
that the probability of a balked landing is smaller than a
selected value P, of the order of iy recognized by the
statistics, and M, would be easily established if oy, were
known.

Practically, the problem may be somewhat more complex.
The statistics indicate that the pilots abandon their attempts
to land where V, is greater than V., + 30v, but a large
majority of the aireraft observed had been certificated on the
basis of requirements (1.3 Vs, gliding approach, 50 ft dry
hard concrete and little or no credit for reverse thrust, field
length factor 1.67), that did not specify the speed at which
the attempt to land should be abandoned. It may thus be
argued that the statistics reflect the fact that the pilots dis-
covered, by trial and error, that, when their speeds were 15
knots above the average, the distance available was in-
sufficient. It is thus quite possible that, in giving to the
pilots a clear indication of the speeds at which the attempt
to land should be abandoned, and making M, < 15 knots,
more precision (a reduction of ¢v,), rather than an increase
in the rate of balked landings, should be expected.

The confirmation of M, = 3oy, by the rate of balked
landings cannot be accepted without some reservation. A
speed V, > V4, + 30v, is an incentive to abandon the at-
tempt to land only if the runway is critical. On the other
hand, excessive speed may be one of the causes for abandon-
ing the attempt, but it is not the only one. The distribution
of the threshold speed may be such that the frequency of
speeds below V4, + 304, is higher than the frequency cor-
responding strictly to the normal distribution, and speeds
slightly above V4. + 304, may be less frequent. This would

reflect the tendency to correct the speed where it is high.

In combining the distribution with others, to obtain the dis-
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tribution of S, the effect would be immaterial; but in esti-
mating the balked landing rate, a considerable error would be
made. In the foregoing, the theoretical rate of balked land-
ings, obtained as if the runway were critical and the distribu-
tion strictly normal, is given as an indication rather than an
absolute value.

For a specific example of STOL airvcraft, with Vs = 59
knots, Vrup would be estimated, consistent with experience,
to be 65.6 knots; M, corresponding to P, = 10~* and
oz, = 2 knots, would be 3 knots, making Vo min = 68.6
knots or 1.16 Vs. If Vi = 1.3 Vs (applying the figure
given in the statistics), V4, would be 76.6 knots, resulting in
M, = 8 knots. Some data in Ref, 8 show a tendency for
ov, to be smaller than 5 knots for slow aireraft. If oy, = 5
knots is valid for Vs = 100 knots, a proportion of ov, to Vs
would make oy, = 3 knots, but the simple proportionality
of v, to Vs is not substantiated. In taking M. = 8 knots,
this should be considered as 20y, or oy, = 4 knots.

The figures V4, = 1.3 Vs and oy, = 4 knots appear rather
conservative, since in tests of STOL aircraft V., was found
to be 1.2 Vs and oy, = 3.7 knots. No threshold speed out
of the range V4, = 20v, was found. For the continuation of
this study, ov, will be taken as 4 knots and M, = 2ey, (or
8 knots).

Touchdown Speed

The statistics show that V4, = Vi, — 15 knots, and
dV./dV, = 0.6. Taking again the example of an aircraft
having Vs = 59 knots, oy, = 4 knots, and M, = 20v,at V, =
VAL = 766 knots, Vd = 616, at V; =Vco min — 68.6 kIlOtS,
Ve = 568; and at V, = Veo max = 84.6 knots, V, =
66.4. Taking (ove) residual as In the statistics, 3.5
knots, the probability of touching down at V, < Vs,
where V; = Vo mun 1s three in four. Taking the resultant
standard deviation (combination of correlated and residual),
which is 4.24 knots, it can be shown that the probability of a
touchdown at V,; < Vs, considering that all of the landings
between Vco min and Vo max, 1s 0.27 or more than one in
four. The proportion of landings at V., < Vs obtained in
applying the statistical information to STOL operations is
too high to be representative. To obtain a better representa-~
tion, it will be considered first that at each value of V, one-
half of the landings follow a path more incurvated than the
average path and one-half of a path less incurvated. At the
small values of Vy, say at Vo min, the less incurvated path
terminates at Vy = Vs At the average value of V, (de-
noted V4,), the more incurvated path is the one for which
all of the lift available is used for flaring, as if the turbulence
had not required V, to be as high as V4,. It is then assumed
that the load factor n corresponding to this path is not ex-
ceeded even when V', becomes as high as Veo max.

Thus a first view of the distribution is that it is a rectangu-
lar one. Numerical examples show that, at the three values
of ¥V (minimum, average, and maximum), the limits of the
rectangular distributions so obtained are about the same.
The distribution of S due to Vg, residual, as the source of
variation, is established in view of its combination with the
distributions due to all of the other sources; but since many
distributions are involved, by virtue of the central limit
theorem, the resultant tends to be normal, and the contribu-
tion of each individual one is equivalent to that of a normal
distribution having the same second moment. A second
view of the distribution is thus that it is a normal distribution
having the same second moment as the rectangular dis-
tribution having the limits indicated previously.

Those two views are illustrated in Table 5. The first
column indicates the three values of the threshold speed, and
the second one indicates the designation of the correlated
value of V, The probabilities P (5th and 6th columns)
are those that V, is over the range defined by the lower limit
(3rd column) and the upper limit (4th column).

The last two columns of the table give an indication of the
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range of the proportion of the lift used for flaring (either 1,
or “op’’ if the optimum ratio is assumed), together with an
indication as to whether there is a floating period (“fl”’ men-
tioned in those cases). It should be observed, however,
that where the indication is “1, f”” this is only an indication
of the general curvature of the path; the path may be less
curved than that corresponding to Cr/Cr mex = 1, with a
positive sinking speed at impaet; but then the floating period
becomes different. Also, the indication Cr/Cr max > 1 does
not necessarily mean that a path is impossible to achieve
but only that the sinking speed at impact is positive.

The distribution resulting from the foregoing considera-
tions is a conservative one. This is ascertained by compar-
ing it, in numerical examples, with the distribution of V. in the
statistics. The resultant distribution of Vg in the statistics
hag a standard deviation of 4.6 knots. In the basic numerical
example in the following section, the resultant is 4.20 knots,
although Vg is of the order of 609, of Vs corresponding to
the statistics.

Braking Friction

Since this parameter does not depend on the type of air-
eraft or mode of operation, the braking friction is taken as
in Table 3.

Aerodynamic Drag

The aerodynamic drag is a function of the threshold speed.
The dependence is found in the polar. For this study, it is
estimated that the aerodynamic drag is partially correlated
to V., the regression being dvy/dV, = 1.2(y/V). It is as-
sumed that there is a residual variation of the aerodynamic
drag representing the difference in drag between air frames
of the same series in the landing configuration, and also the
differences in drag for a given air frame, caused by wearing
of parts, small repairs, etc. The figure in Table 3 is adopted.

Recognition of Threshold Speed

There is no statistical information on the distribution of
the error made in estimating the threshold speed. Since
the aircraft passes the threshold in steady flight, the error
may be somewhat smaller than the 3.5 knots assumed in
other studies,®? and ¢z = 3 knots is adopted here. To es-
tablish M, however, a somewhat more optimistic value of
2 knots may be adopted because an attempt to land at a
threshold speed close to the minimum will be made in calm
air and good conditions of visibility; the fact that the land-
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ing may have to be abandoned for insufficient speed may be
the primary preoccupation of the crew.

Time at Which a Control Movement Is Initiated

It is envisaged that three control movements are initiated
after the aircraft passes the threshold: those of the spoilers,
the wheel brakes, and the reverse thrust. The spoilers are
assumed to be operative at touchdown. A delay in the
operation of the spoiler control is one of the causes for intro-
duction of a floating period. It is accounted for as a varia-
tion of the touchdown speed. The spoiler action that re-
sults in increasing the load on the wheels, the action of the
wheel brakes, and the action of the reverse thrust will be
discussed together for the following reasons: 1) the informa-
tion summarized in Table 3 is not entirely satisfactory, since
it is difficult to accept that the standard deviation of the time
of application of the reverse thrust should be 1.5 times that
of the other control movements; and 2) logically there is
some correlation between the three times of application,
since the cause for a long delay on one will generally affect
the three. In fact, for small values of 7,,08/0r; is much
greater than 0S/07, and 08/07s; for large values of 7, 3S/
or; tends to become smaller, but 9S/07; and 08/07; become
larger. Since the cause of a large 7 would also be a cause of
large 7o and 75, the three delays can then be considered as
correlated. Numerically this gives a constant value of the
combined effect of the three delays, and a unique delay 7
is considered. It is not certain that a constant figure of 1.5
sec is adequate for a range of aircraft that includes STOL.
o, may be proportional to the time taken to stop the aircraft
without reverse thrust, and, assuming that 1.5 sec corresponds
to an aircraft having the average characteristics of the air-
craft observed, ¢, should be of the order of 0.6 sec. It is
thus conservative to take o, = 1 sec.

V1. Parametric Study

Definition of ¢
The retarding force in the groundborne part of the landing
can be expressed as
72

14 14
D¢ = Dy V. + "7#(1 -8B v,

12

)W + 6.W + 2T

(two-engine aircraft assumed), where V' and V.2 are air
speeds. For a zero wind condition with n = 1, 8 = 1, and

Table 5 Probability of ranges of V

Designation
of Va L _Cn_
correlated Limits of range V4 P, assuming distribution CL max
Ve to V., Lower Upper Rectang., %  Normal, 9% Min Max
VCO min Vd min 0 VS - %‘( Vd min T VS) 0 0.47 1, fl 1, fl
Vs — 3 Vamm — Vs) Vs 0 3.71 1,1 1,1
Vs Vi min 50 45.8 1,fl 1
Vd min Vd min + (Vd min VS) 50 458 1
Vimin + (Vamin — V) Vinin + 2Vamn — Vs) 0 3.71 >1
Vd min %(Vd min — VS) Sy 0 0.47 >1 e
Va: Vaa 0 Vaa — 2(Vay — Vaa) 0 0.47 opfl opfl
Vaie — 3(Vay — Vaa) Vag — (Van — Vaa) 0 3.71 opfl opfl
Vag — (Van — Vaa) Vaa 50 45.8 opfl  op
Vag Vin 50 45.8 op 1
Vin Vi + 5(Van — Vaa) 0 3.71 1 >1
Van + 3(Van — Vaa) ® 0 0.47 >1
VCO max Vd max 0 V(l max %( Vdn - Vd max) 0 0.47 op ﬂ op ﬂ
Vimax — #Van — Vimax) Vamx — (Van — Vi max) 0 3.71 opfl opfl
Vd max (Vdn - Vd mux) d max 50 45.8 op fl op
Vd max Vdn 50 45 8 op <1
Van Vin + 3(Van — Vi max) 0 3.71 <1 -1
Vian + 3 Vian — Vi max) ® 0 0.47 —1 -1
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Fig. 1 Standard deviation and analysis of variance;
a, c—f) analysis of variance, b) standard deviation.
8, = 0, Dg takes the value
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The factor ¢ is defined as the value that satisfies

f Va Vdv _
V/z V/2 -
° g[vv i nu(l—ﬁ’ >+0T+u]
d

7ot
V'

f Va Vdv
0 Ve V2
9[7 Vi + w(l - f,?> + v]

In this manner, ¢ = 1 represents the case where there is no
wind, n = 1 (high efficiency of the wheel braking system), 8 =
1 (no spoiler effect), and 6, = 0. ¢ < 1 in cases where z
is small, B8 is large, 6, has negative values, and the wind is
in the direction of landing. ¢ > 1 in cases where 5 is large,
B is small, 8, has positive values, and the wind is opposite
to the direction of landing. There is no need to establish
explicitly ¢ = ¢ (wind component, 5, 8, 6,).

Ranges of Aircraft Characteristics and Operational
Parameters

A twin engine aircraft is assumed, having Vs = 59 knots.
On the average, the wheel brakes and the spoilers are assumed
to be effective at touchdown, and the reverse thrust is 1.5
sec after touchdown. The following values are taken: vy, =
0.17 at V, = 1.2 Vg, sea level, [SA conditions, »; = 0.123 4
0.127 V/ (V' in hundreds of fps), and P, = 1074 (It isesti-
mated that starting a landing at V; < Vrypis not an incident
of great gravity.) This makes M, = 3 knots. Vyup = the
theoretical minimum threshold speed, provided that a circular
path does not produce a sinking speed at impact greater than
0.6 fps. oy, residual = 2.58 knots, in conformity with
Sec. V. Ranges of aircraft characteristics and operational
parameters are explored, making all of the combinations
of v from 0.8 v to 1.2 44, ¢ from 0.6 to 1.4, and » from 0 to
Vi.

VII. Effects of Nonnormality of Distributions

The distribution of S tends to be normal, since it is a re-
sultant of several distributions. The two main causes
susceptible of making the distribution of S different from a
normal one are 1) the distribution of V,, account being taken
of the cutoffs and of the error in recognizing that V., is not
normal (the effect of the cutoff at V¢o max is to render the
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frequency of large S less than in a normal distribution, and
large values of S are critical), and 2) that, although u/ue is
assumed to be distributed normally, the distribution of S
due to the variation of u/pe, is skew, because 08/0(u/uo)
is not constant. In order to appreciate causes 1 and 2, the
distribution of S has been caleulated for the three sources of
variation, V. E. and u/m, by the standard procedure.
The standard procedure was also used to combine this re-
sultant with the resultant of the distribution of S for the
two sources V,; and 7, although taking o, = 1.5 and neglect-
ing o, residual. On the other hand, another calculation
was made replacing the distribution of V, by a normal one,
oy, = 4 knots (thus neglecting the cutoff effects), and taking
O8/0(u/ o) at p = wo. The results of the comparison are
shown in Table 6. The simplified procedure permits de-
termining that the order of the contribution of u to the total
variance is 3%, although the contribution of V, is 17.3%,.
It can be concluded that the increase of 1.6% of S at P =
105 obtained by the simple procedure is caused by the fact
that the cutoffs are neglected. At P = 1075, the effect of
the cutoffs is equivalent to a negative contribution of the
order of 89, of the variance in this example, but when the
contribution of V. is large, the simple procedure may intro-~
duce appreciable errors.

In the simplified procedure, all of the derivatives are ap-
proximated as constants, and this may introduce errors. An
increase of V., from V4, t0 Vo max inereases |0S/07| and |08/
O(u/pe)| and reduces |08/0V., |08/0V.|, 1d08/0h, and
|08/0v|. Caleulations have been made to determine
whether 08/dx; should be taken at Vi, or Vo max. It was
found that at ¥ = e, the difference varied from 1 to 4.8%,
being greater at ¢ = 1.4 than at ¢ = 0.6, and that o was,
in all of the cases investigated, smaller at Veo max than at
Va;. Therefore the value of g5, established in taking the
values of 0S/0x; at V., is adopted. In this manner, if an
error is introduced, it is a conservative one.

VIII. Distribution of Distance

Standard Deviation

Figure 1b shows og calculated for the 27 combinations v,
¢, and v envisaged. The subscript “residual,” which applies
to ks, V4, and + is omitted. Figure 1b shows that 1) without
reverse thrust, o, is strongly influenced by ¢ (the aireraft
having a poor braking system, or a weak spoiler action, or
landing on a downward slope have a large o.); 2) a moderate
reverse thrust (v = »,/2) reduces o5 where ¢ is low, but it
increases s where ¢ is large; and 3) a strong reverse thrust
increases o5 in all of the cases.

Figure le shows the percentage contribution to the vari-
ance of the six parameters V,, Va4, 7, u, he, and vy at ¢ = 1
and ¥ = 7, Figures 1d and 1f show the effect of varying
¢, and Figs. 1a and 1c show the effect of varying «.

As indicated previously and confirmed by examples not
related here, the combined contributions of the cutoffs and
of the error in recognizing V., would have, for P = 1079, g
negative contribution of the order of one-half of the con-
tribution of V,. Since this is an evaluation rather than a
precise figure, it is not traced in Fig. 1. Since at v = 0,
the contribution of V is generally of the order of 20 to 25%,
all of the og¢’s shown in Fig. 1b for » = 0 should be reduced
by about 5% where P = 107 is considered. At » = »y, the

Table 6 Effect of nonnormality

Standard All normal
procedure  distributions
Probability (S,, hundreds of feet) Difference, 9,
103 13.75 14.00 1.8
104 14.55 14.80 2.5
10~* 15.25 15.50 1.6
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contribution of V. is of the order of 15%, and the correction
should be about 3.5%.

Some conelusions can be drawn from an examination of
Fig. 1: 1) without reverse thrust, with v = 1.2 yo or ¢ =
0.6, the largest contribution is that of , but a reduction of
v or an increase of ¢ makes the contribution of % resiaual
the dominant one; 2) without reverse thrust, the contribu-
tion of Vg resiauar 1S small where v = 1.2 v, and ¢ = 0.6;
it increases with ¢ but increases where vy decreases; 3) the
reverse thrust always reduces the contributions of p and V;
and 4) the reverse thrust introduces the parameter 7 and in-
creases the contribution of Vg resiauat.  In all of the cases, the
combined contributions of V4 resiauar and 7 is more than 50% at
vV = 7.

Distance for P = 10°°

Figure 2 shows the distances calculated for P = 1075
denoted S;o~%, compared with Sy, which is the distance cor-
responding to Vo mex taken as a reference ¢ = 1 is
taken. Both distances are plotted against ». The slope of
the curves Sio® is smaller than the slope of the curves Sg,
and it tends to become smaller still where » is large. For
¢ = land v = %, a reduction of » of 109 results in an in-
crease of Sz of 2% but an increase of S;,—3 of only 0.5%.
The effect of variations of the reverse thrust installed on
various aircraft of the same series is thus negligible, where
S105 is taken as the yardstick for comparison rather than
Sz or S measured at V4,

Since normally the reference distance is measured on the
actual aircraft in specified conditions of V,, Vg, b, 7, u, and vy
and since it can be assumed that the derivatives are propor-
tional to the distance, it is convenient to express the results
in terms of a field length factor F, defined as Swo™°/Sg.
Figure 2 shows F plotted against », ¢, and «y.

Approximate Formulas
It is possible to express approximately Sp in the form
S =8+ alP, 0., v,)8 (5)

where S, is the distance corresponding to Veo max without
reverse thrust, S, is the distance corresponding to Veo max
with reverse thrust, a is a coefficient, function of the P
selected, of ¢, and »,, and S is the approximate value of Sp;
o, is indicated because of the reservation made on its assess-
ment, and v, is the nominal value of the reverse thrust, taken
at V4, divided by W.

Formula (5) can be made fairly accurate. It has the
advantage of containing a term v, easily assessed and two
distances that can be measured in flight tests, landing on the
reference wet runway (or corrected to the reference wet run-
way). It avoids measurement or assessment of v, 7 (effi-
ciency of the braking system), or 8 (reduction of lift because
of the spoilers action). It is valid independently of opera-
tional parameters, provided that y and ¢ are of the order
of magnitude assumed in this study. For P = 1073 and
o, = 1 sec, a value of ais @ = 0.20 4 0.25 »,. The value
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of S, approximate value of Sy 75,
S =8, 4+ (0.20 + 0.25 v,)S, (6)

is systematically conservative where ¢ = 0.6, but also ¢ =
1 sec may be particularly optimistic where the time to stop
the aireraft without reverse thrust is relatively large. On the
other hand, aircraft having poor braking mechanisms not
compensated by strong spoiler action do not represent a future
trend.

Formula (6) tends to be less conservative for » = 0 than
for » # 0, but it is also for » = 0 that the contribution of
V,is the largest (Fig. 1) and that ¢, calculated by the simpli-
fied procedure is an overestimation. Formula (5) can be
further simplified as

S =1.2058, where y = 0§

S = S + 027 S where b =0 @

It then becomes conservative at the small values of », but it
yields the same results as (6) at v = 0 and » = v1.

Conclusions

The main conclusion is that judgment of the merit of a
device, which is not based on a comparison of Sp with and
without the device, might be misleading. The drag intro-
duced or increased by the device is not its only effect, since
it may at the same time ¢hange the distribution of the land-
ing distance, and a part of the advantage may be lost. On
the other hand, devices that would not change the drag but
that would have the effect of stabilizing one of the parameters
that affect the distance may be advantageous, as reducing
Sz, although they do not alter the reference distance. Figure
3 indicates that increasing the aerodynamic drag is a double
gain, since it reduces the effect of the variability of other
variables. Figure 3 also shows that increasing ¢, by making
the wheel braking devices more efficient and increasing the
action of the spoilers, increases the effect of the variability
of other parameters. The reference distance (distance cor-
responding to Vo max, for instance) may be reduced, but it
will have to be multiplied by a higher field length factor.
Figure 3 also shows that increasing the reverse thrust has the
same effect as an increase of ¢, but much more marked, be-
cause of the increasing importance of the variation of 7 and
V.. 'Those effects are well reflected in the simplified formulas
(6) and (7), since these formulas show that full credit should
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be taken of the drag introduced by a device only if it reduces
So as well as S;.

The simplified formulas, however, should be used with
caution in case of departure from the numerical assumptions
made in this study. It is not evident, without further
analysis, whether they are valid at small values of ¢ which
correspond to great variability of V. They should not be
used where power is used for lift augmentation during the
approach and reduced after passing the threshold, or where
there are other departures from the fundamental assumptions
made in the study. It is not certain, in those cases, whether
the simplified procedure for combining the distribution is
sufficiently precise.

These remarks show the importance of the continuation of
studies like the present one. It may be objected that the
existing regulations, imposing a rigid field length factor on a
specified reference distance, would not permit taking credit
for a device, which would reduce Sp without affecting the
reference distance (like automatic application of reverse
thrust, or automatic touchdown, ete.) and which would not
permit taking credit for a device over and above the reduc-
tion of the reference distance that it produces. The answer
is, first, that regulations are permanently in the course of
evolution; and, second, that calculations of Sp may some-
times show that the field length required by the regulations,
in faet, provide for a level of safety higher or lower than
the level of safety generally intended. The aircraft manu-
facturer should be the first to be aware of this fact when it
oceurs.

Another very important conclusion is that, although much
time and effort had to be spent on supplementing the informa-
tion available in the statistics, the estimation of o, and of
Ohe resiaun1 Was made with reservations. It is desirable that
more statistical information become available in the future,
particularly if the method or the examples given in this paper
would be used as a basis for airworthiness regulations.
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